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Abstract 

We extend Hardy's inequality from sequences of non-negative num- 
bers to sequences of positive semi-definite operators if the parameter p 
satisfies 1 < p < 2, and to operators under a trace for arbitrary p > 1. 
Applications to trace functions are given. We introduce the tracial 
geometric mean and generalize Carleman's inequality. 
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1 Introduction 

The standard form of Hardy's inequality [Zl [H [H [10] asserts that 

n=l \ k=l 

for p > 1 and any sequence a = (a„) of non-negative real numbers in Ip. 
The inequality is sharp in the sense that the constant {p/ {p— 1)Y cannot be 
replaced by a smaller number such that the inequality remains true for all 
(even finite) sequences of non-negative real numbers. 

The arithmetic averaging operator h (or the Hardy operator) is defined 
by setting 



(2) h{a) 
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for any sequence a = (oi, 02, . . . ) of real or complex numbers. Hardy's in- 
equality thus states that h maps Ip into itself and has norm p/ {p — 1). 

We shall prove ^ also for sequences of positive semi-definite operators on 
a Hilbert space provided 1 < p < 2. Under the trace the inequality is valid 
for arbitrary p > 1 and (appropriate) sequences of positive semi-definite 
operators. The classical proofs of Hardy's inequality are not easy to extend 
to operators. The key to the results in this paper is the realization that, as is 
the case for many other classical inequalities, Hardy's inequality is in essence 
an expression of convexity. The author is indebted to Lars-Erik Persson who 
in a talk mentioned that there is a connection between convexity and Hardy's 
inequality, and that it is part of the unpublished folklore known to specialist 
in classical inequalities. 

2 Non- commutative generalizations 

Lemma 2.1. Let 1 < p < 2 be a real number, and let g: {0,oo) —>■ B{H)^ 
be a weakly measurable map such that the integral 

X 

defines a bounded linear operator on H. Then the operator inequality 

r fi r , , ,y dx r , ,dx 

is valid. The inequality cannot (generally) be improved by inserting a constant 
less than one in front of the second integral. 

Proof. Since the function t — > is operator convex we obtain 

(- [ g{t)dtY <- [ g{tydt x>0 
\^ Jo J X Jq 

with equality for functions g which are constant in (0,x]. Consequently 

PA r . ^ , Ydx r 1 r , ^. . dx 

/ - / 9{t)dt] —< - gitfdt — 
Jo \^ Jo / ^ Jo ^ Jo ^ 

poo poo '\ poo J J. 

= / g{tr / -dxdt= g{tr- 
Jo Jt ^ Jo ^ 

and the assertions are proved. QED 
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Lemma 2.2. Let p > 1 be a real number, and let g: (0, oo) B{H)^ be a 
weakly measurable map such that the integral 



dr 

X 



defines a bounded linear trace class operator on H. Then the inequality 



oo 



Tr / (- r g{t)dt] — <Tr H g{xf — 
Jo Jo J ^ Jo 

is valid. The inequality cannot (generally) he improved by inserting a constant 
less than one in front of the second integral. 

Proof. The function t — is for p > 1 convex in operators under a trace. 
That is, the function X — > TrX^ is convex in positive semi-definite operators 
X such that X^ is trace class. The same steps as in the proof of the preceding 
lemma, mutatis mutandis, may be carried out and the assertions follow. 
QED 

Theorem 2.3. Let 1 < p <2 be a real number, and let f : (0, oo) B{H) + 
be a weakly measurable map such that the integral 



fixYdx 

defines a bounded linear operator on H. Then the inequality 

holds, and the constant {p/{p — 1)Y is the best possible. 
Proof. We apply the function 



git) = f{fliP-^))ty^P-^) 



in Lemma [2.11 and obtain 



- f{tP/^P-'Y^^'"'^dt) —< fi^P/{P~i}y^P/iP-i)^ 

X .In / X J n X 
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Setting y = and thus 

dt p-1 
in the first integral, we obtain 




We finally set z ^ x^/^ and thus 

dz p z 
dx p — 1 X 

in both integrals and obtain 

This is rearranged to 

and the assertions are proved. QED 

Theorem 2.4. Let 1 < p be a real number, and let /: (0, oo) B{H)+ be 
a weakly measurable map such that the integral 

poo 

/ f{xYdx 
Jo 

defines a bounded linear trace class operator on H. Then the inequality 




holds, and the constant ip/{p — 1))^ is the best possible. 
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Proof. We apply for p > 1 the function 

g{t) = /(tP/{P-l))tl/(p-l) 

in Lemma 12.21 and make the same substitutions under the trace as applied 
in the proof of Theorem I2.3[ QED 

By considering the case where / is a step function we obtain: 

Corollary 2.5. Let 1 < p < 2 be a real number, and let a = (ai, 02, ... ) be a 
sequence of positive semi-definite operators on a Hilbert space such that the 
infinite sum + 03 + ■ ■ ■ defines a bounded operator. Then the inequality 

n=l \ k=l / / n=l 

holds, and the constant {p/{p— 1)Y is the best possible. 

Corollary 2.6. Let 1 < p be a real number, and let a = (01,02,...) be a 

sequence of positive semi-definite operators on a Hilbert space such that the 
infinite sum + Og + ■ ■ ■ defines a bounded trace class operator. Then the 
inequality 

w i^j <^ T.5:< 

n=l \ fc=l / \f / 

holds, and the constant {p/{p — 1))^ is the best possible. 



2.1 Trace functions 

Consider for p > the homogeneous functional 



$p(a) = Tr 



i/p 



•.71=1 



defined on sequences a = (ai, 02, . . . ) of positive definite operators acting on 
a Hilbert space such that (a^ + + ■ • ■ defines a bounded trace class 
operator. It is a consequence of Epstein's theorem that $p is concave, cf. 
[5] and [H Theorem 1.1]. Carlen and Lieb conjectured in 1999 that $p is 
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convex for 1 < p < 2, and they showed that this would lead to a Minkowski 
inequality for operators on a tensor product of three Hilbert spaces and to 
another proof of strong subadditivity of entropy. Carlen and Lieb eventually 
proved the conjecture in 2008 [4], Theorem 1.1]. 

Since $p is convex for 1 < p < 2 the domain is a convex cone, but the 
functional cannot be extended to a norm. The obstacle is that the modulus 
|X| of an operator X is not a convex function in X. 

Theorem 2.7. Let 1 < p < 2 be a real number, and let a = (ai,a2,...) 

be a sequence of positive semi-definite operators on a Hilbert space such that 
(a^ + a2 + ■ ■ ■ defines a bounded trace class operator. Then 

where h is the Hardy operator ^). 

Proof. Since t — >^ is operator monotone for < a < 1, it follows from the 
non-commutative Hardy inequality ([3]) that 

' oo 

E 

for 1 < p < 2. The assertion then follows by taking the trace. QED 

3 The tracial geometric mean 

The operator power meaiill is defined by 




MJai 



p\yjl, . . . , 



Let now q > p > 1. Since t t^^'^ is operator concave we obtain 

p/q ^ 



k=l / fc=l 



^ Sometimes p is replaced with 1 /p in the literature [6] 



6 



and since i — > is monotone under a trace, that is X — > TrX* is monotone 
increasing in positive definite X, we also obtain 

TrMp(ai, . . . , an) > TTMq{ai, . . . ,a„). 

The trace of the operator mean is thus a decreasing function in the power 
parameter p, so the following definition makes sense: 

Definition 3.1. We define the tracial geometric mean by setting 



TG{a,,..., 




for positive semi-definite trace class operators ai, . . . , a„ on a Hilbert space. 
Notice (by setting p = 1) the inequality 

The tracial geometric mean has a number of attractive properties: 

Theorem 3.2. Let be positive semi-definite bounded operators on 

a Hilbert space and consider the tracial geometric mean TG{ai, . . . , a^). 

(1) It coincides with the geometric mean (ai ■ ■ -fln)^^" for positive num- 
bers and with Tr (oi • • • On)^^"" for commuting operators. 

(2) It is a (tracial) mean; TG{a, . . . ,a) = Tra. 

(3) It is homogeneous; TG(tai, . . . , tan) — t " TG(ai, . . . , a„) for t > 0. 

(4) It is symmetric in the entries. 

(5) It is unitarily invariant. 

(6) It acts additively on sequences of block matrices. 

(7) It is (separately) increasing in the entries. 

(8) It is (jointly) concave in the entries. 
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Proof. The first statement for positive numbers is a classical result and (2) 
to (6) are quite obvious. 

To prove (7) we notice that Mp(ai, . . . , a„)^/P is separately increasing in 
the entries by operator monotonicity of t — > t^^^. We therefore obtain, as 
above, that TrMp(ai, . . . , a„), for each p > 1, is separately increasing in the 
entries. This property is hence satisfied also for the tracial geometric mean 
by taking the limit p — > oo. 

To prove (8) we notice that TrMp(ai, . . . , an), for each p > 1, is a concave 
function in the entries by Epstein's theorem, cf. |5j and [H Theorem 1.1]. 
Taking the limit p ^ oo we therefore realize that also the tracial geometric 
mean is a concave function in the entries. QED 

The last property (8) is by far the most difficult to establish. The concrete 
formula given in the next theorem is related to P, Theorem 4.19]. It is 
interesting to notice that it is of no use to prove (8) in the previous result. 

Theorem 3.3. If the operators Oi, . . . , a„ are strictly positive, then the tracial 
geometric mean 



(1 
- ^log 
^ k=l 

Proof. Since the logarithm is operator concave, we have 

/ 1 " \ 1 " 

V fc=l / k=l 

and hence under the trace 

Mp{ai, . . . ,ak) =Trexp 



V k=l 

> Tr exp ^ ^ log a^^ 



for any p > 1. Taking the limit p — >^ cx) we thus obtain that the left hand 
side in (l5|) majorizes the right hand side. To verify the opposite inequality 
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n 

k=l 



k=l 



we use logt < t — 1 to obtain 

logMp(ai, . . . ,afc) = p -log ^^al^^ 

1 " 

and hence under the trace 

TG{ai, ...,an)< TrMp(ai, . . . , a„) < Tr exp I - ^p{aj^ - 1) 

\ k=l 

for any p > 1. Since p{a]/^ — logOfc in the strong operator topology for 
p — > oo, the assertion follows. QED 

The following theorem is a non-commutative version of Carleman's in- 
equality [3]. 

Theorem 3.4. The inequality 

oo n 

TG(ai, . . . ,a„) < e^Tra„ 

n=l n=l 

2S valid for sequences of positive semi-definite trace class operators such that 
the sum on the right hand side is finite. 

Proof. If we in the tracial Hardy inequality dH) replace a„ with for each 
n then we obtain 



n=l \ fc=l / \f / „=i 



for p > 1. Since 

e tor p ^ oo 



^p — 1 

the statement follows by letting p ^ oo in the inequality. QED 
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